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in	a	human	readable	way

§ 81$$',"#(1%4(1$(generalization	and	abstraction )*(#)0&$%)"(;")F0'<6'

Name
Problem

Context

Solution

Known	Uses

Results



M
ic

ha
el

 F
a

lk
en

th
a

l

81$$',"(+//0%-1$%)"(G)<13

H

2$&<3(/,'#',?'<(;")F0'<6'
%"(Pattern	LanguageI

8

8
8

8

8

8

Ad hoc Implementation )*
9)"-,'$' 2)0&$%)"#1"<
$.'%,166,'61$%)"

J

2'0'-$%)"()*(Solution	Path
$)(#)0?'(/,)70'4(1$(.1"<D

88

8
8

8

8

2)0&$%)"(
81$.



M
ic

ha
el

 F
a

lk
en

th
a

l

81$$',"(+//0%-1$%)"(K%#%)"

L

2$&<3(/,'#',?'<(;")F0'<6'
%"(Pattern	Language

2'0'-$%)"()*(Solution	Path
$)(#)0?'(/,)70'4(1$(.1"<

2'0'-$%)")*
Concrete Solution Path

I

8

8
8

8

8

8

D
88

8
8

8

8

J 2

2

2

2

2

2
2

H
M'"',1$%)"()*(
Aggregated	Concrete	Solution



Uw
e 

Br
ei

te
nb

üc
he

r

N)F($)(),61"%O'(-)"-,'$'(#)0&$%)"#(1"<(
166,'61$%)"()/',1$),#P

2)0&$%)"(+06'7,1#Q



M
ic

ha
el

 F
a

lk
en

th
a

l

G3/'#()*(9)"-,'$'(2)0&$%)"#

§ R'*%"%$%)"E

G.'(#'$()*(-)"-,'$'(#)0&$%)"#(Σ ,'01$'<($)(1(/1$$',"(01"6&16'(-1"(7'(<%?%<'<(%"$)(1(
%"<'A'<(*14%03()*(#'$#((𝐴$)$∈' F%$.(∀𝐴$: 𝐴$ ⊆ ΣS(G.','73T('1-.(𝐴$ ,'/,'#'"$#(1(#'$()*(
-)"-,'$'(#)0&$%)"#()*(1(#/'-%*%-($3/'S(9)"-,'$'(#)0&$%)"#()*(different	types	differ	in	their	
essential	characteristicsS

U

8

2

2

2

2

2 22

2
2

2

2

81$$',"(=1"6&16'

2/1-'()*(
Concrete	Solutions
)*(1(81$$',"(=1"6&16'

8

2

8

8

8

8



M
ic

ha
el

 F
a

lk
en

th
a

l

2)0&$%)"(+06'7,1#

§ R'*%"%$%)"E

+(solution	algebra %#(1"(),<','<(/1%,( 𝐴$ $∈', ⊕- -∈.
-)"#%#$%"6()*(1"(%"<'A'<family	

of	concrete	solutions V-1,,%',(#'$#W(𝐴$ $∈'	1"<(1"(%"<'A'<(family	of	finitary	aggregation	
operators �û- -∈.

S(

B),('1-.( 𝑗 ∈ 𝐽,	�û- %#(1"()/',1$),(𝐴$2XSSSX𝐴$3 → 𝐴5,	�û- 𝑎7, … , 𝑎9 ↦ 𝑎5S(
G.'( 𝑛 + 1 Y$&/0'( 𝑖7, … , 𝑖?; 𝑘 ∈ 𝐼?C71##)-%1$'<(F%$.('1-.()/',1$),(�û- %#(,'*',,'<($)(1#(
$.'( type	of	the	operatorS(5/',1$),#(-)47%"'('0'4'"$#()*($.'(-1,$'#%1"(/,)<&-$()*($.'(
-1,,%',(#'$#(1"<(41/($.'4($)(1"('0'4'"$()*()"'()*($.'(-1,,%',(#'$#S(

Z



M
ic

ha
el

 F
a

lk
en

th
a

l

2)0&$%)"(+06'7,1#

[

8 8

8

8

8

8

2

2 2
2 2

2 2(𝐴$)$∈', (⊕-)-∈.

(𝐵9)9∈E, (⊕F)F∈G

81$$',"(=1"6&16'

2$,&-$&,'<(
2)0&$%)"(2/1-'



Uw
e 

Br
ei

te
nb

üc
he

r

2)4'(+66,'61$%)"(5/',1$),#(*,)4($.'(R)41%"#()*(
90)&<(+//0%-1$%)"(8,)?%#%)"%"6T(
90)&<(+//0%-1$%)"(>1"16'4'"$T(

1"<(9)#$&4'#(%"(B%04#



M
ic

ha
el

 F
a

lk
en

th
a

l

90)&<(+//0%-1$%)"(8,)?%#%)"%"6E(+66,'61$%)"()*(G)/)0)63(>)<'0#

II

\#',(!"$',*1-'
9)4/)"'"$

8
@01#$%-(

!"*,1#$,&-$&,'
8

G)/)0)63(>)<'0

8N8

+/1-.'

K>

2

G)/)0)63(>)<'0

8N8

+/1-.'

K>

+41O)"@9D

G)/)0)63(>)<'0

2

+41O)"@9D

⊕:𝑇×𝑇 → 𝑇
𝑡7, 𝑡K ↦ 	 𝑡5

Y-)44&$1$%?'
Y")$(1##)-%1$%?'

à>1641]M,)&/)%<
VGT�ûW

^'_&%,'#
N3/',?%#),

8,)?%<'#
N3/',?%#),



M
ic

ha
el

 F
a

lk
en

th
a

l

90)&<(+//0%-1$%)"(>1"16'4'"$E(+66,'61$%)"()*(>1"16'4'"$(801"0'$#

ID

B),;0%*$(
>%6,1$%)"

8
@01#$%-%$3(

>1"16'4'"$(
8,)-'##

8

>1"16'4'"$( 801"0'$

2

>1"16'4'"$(801"0'$

2

+66,'61$'< >1"16'4'"$( 801"0'$

+ +
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⊕7: 𝐶×𝐶 → 𝐶
𝑐7, 𝑐K ↦ 	 𝑐7 ∪ 𝑐K
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⊕K: 𝐶×𝐶 → 𝐶
𝑐7, 𝑐K ↦ 	 𝑐7 ∪ 𝑐K

F%$.
∀𝑏-, 𝑏9 ∈ 𝑐7 ∪ 𝑐K:
𝜔 𝑏- ≠ 𝜔 𝑏9
∨ 𝑏- ∈ 𝑐7 ∧ 𝑏9 ∈ 𝑐K
∨ 𝑏- ∈ 𝑐K ∧ 𝑏9 ∈ 𝑐7

𝜔: 𝐵 → 𝑇
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